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aqpy1  .A certain operator D defined by convolutions or Hadamard products is
introduced. The object of this paper is to give an application of the convolution
operator Daqpy1 to the differential inequalities. Q 1996 Academic Press, Inc.
1. INTRODUCTION
 .Let A p denote the class of functions
f z s z p q a z pq1 q ??? p a positive integer , .  .pq1
 < < xwhich are analytic in the unit disc E s z: z - 1 . We denote by f ) g the
 .  .convolution or Hadamard product of f , g g A p , that is, if
`
p kqpf z s z q a z g A p , .  . kqp
ks1
`
p kqpg z s z q b z g A p , .  . kqp
ks1
then
`
p kqpf ) g z s z q a b z z g E . .  .  . kqp kqp
ks1
Using the above convolution, we define the operator Daqpy1 by
z p
aqpy1D f z s ) f z , .  .aqp
1 y z .
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NOTE 937
 .  .where f z g A p and a is any real number greater than yp. We note
w xthat 3
 .nqpy1p ny1z z f z . .
nqpy1D f z s .
n q p y 1 ! .
where n is any integer greater than yp.
For our purpose, we introduce
 .  .DEFINITION. Let H a be the set of complex valued functions h r, s, t ;
h r , s, t : C 3 ª C C is the complex plane .  .
such that
i h r , s, t is continuous in a domain in D ; C 3 ; .  .
< <ii 1, 1, 1 g D and h 1, 1, 1 - J J ) 1 ; .  .  .  .
iu1 qm q a q p Je 1 .
iu iuiii h Je , , 2 qm q a q p Je .  . a q p q 1 a q p q 2
2 I ium y m q a q p mJe q L .
q G J ,iu / /1 q m q a q p Je .
whenever
1 q m q a q p Jeiu 1 .
iu iuJe , , 2 q m q a q p Je . a q p q 1 a q p q 2
m y m2 q a q p mJeiu q L .
q g Diu / /1 q m q a q p Je .
 .  .  .with ReL G m m y 1 for real u and for real m G J y 1 r J q 1 .
2. MAIN RESULT
We begin with the statement of the following lemma due to Miller and
w xMocanu 1
 . k  .LEMMA. Let w z s a q w z q . . . be regular in E with w z k a andk
iu  . <  . < <  . <k G 1. If z s r e 0 - r - 1 and w z s max w z , then0 0 0 0 < z < F r0
 .  .  .i z w9 z rw z s m and0 0 0
 . w  .  .xii Re z w0 z rw9 z G m y 1;0 0 0
NOTE938
where m is real and
< < 2 < < < <w z y a w z y a .  .0 0
m G k G k .2 2 < < < <w z q a< < < <  .w z y a . 00
Applying the above lemma for the convolution operator Daqpy1 we
prove
 .  .  .  .THEOREM. Let h r, s, t g H a , and let f z belonging to A p satisfy
Daqp f z Daqpq1 f z Daqpq2 f z .  .  .
3i , , g D ; C and . aqpaqpy1 aqpq1 /D f zD f z D f z . .  .
aqp aqpq1 aqpq2D f z D f z D f z .  .  .
ii h , , - J . aqpaqpy1 aqpq1 /D f zD f z D f z . .  .
 .for some a , J a ) yp, J ) 1 and for all z g E. Then we ha¨e
aqpD f z .
- J z g E . .aqpy1D f z .
 .Proof. We define the function w z by
Daqp f z .
s w z a ) yp .  .aqpy1D f z .
 .  .  .for f z belonging to the class A p . Then, it follows that w z is either
 .  .analytic or meromorphic in E, w 0 s 1, and w z k 1. With the aid of the
w xidentity 3 .
z Daqpy1 f z 9 s a q p Daqp f z y aDaqpy1 f z , .  .  .  . .
we have
aqpq1 aqpD f z 1 z D f z 9 .  . .
s 1 q a q
aqp aqpD f z a q p q 1 D f z .  .
1 zw9 z .
s 1 q a q p w z q .  .
a q p q 1 w z .
NOTE 939
and
aqpq2D f z 1 zw9 z .  .
s 2 q a q p w z q .  .aqpq1 a q p q 2 w zD f z  . .
22aqp zw9 z qzw9 z rw z qz w0 z rw z y zw9 z rw z .  .  .  .  .  .  .  . .
q .
1 q a q p w z q zw9 z rw z .  .  .  .
iu 0  . <  . < <  . <Suppose that z s r e 0 - r - 1 and w z s max w z s J.0 0 0 0 < z < F r0
 . iu 0Letting w z s Je and using the Lemma with a s 1 and k s 1, we see0
that
aqpq1D f z 1 .0 iu 0s 1 q m q a q p Je .aqpD f z a q p q 1 .0
and
aqpq2D f z 1 .0 iu 0s 2 q m q a q p Je .aqpq1 a q p q 2D f z .0
2 iu 0m y m q a q p mJe q L .
q ,iu 01 q m q a q p Je .
2  .  .  .  .where L s z w0 z rw z and m G J y 1 r J q 1 .0 0 0
 .Further, an application of ii in the Lemma gives
ReL G m m y 1 . .
 .  .Since h r, s, t g H a , we have
aqp aqpq1 aqpq2D f z D f z D f z .  .  .0 0 0
h , ,
aqpaqpy1 aqpq1 /D f zD f z D f z . .  .00 0
1u 01 q m q a q p Je .
iu 0s h Je , , a q p q 1
1
iu 02 q m q a q p Je  .
a q p q 2
2 iu 0m y m q a q p mJe q L .
q G J ,iu 0 / /1 q m q a q p Je .
NOTE940
 .which contradicts condition ii of the Theorem. Therefore, we conclude
that
aqpD f z .
< <w z s - J . aqpy1D f z .
for all z g E. This completes the assertion of the Theorem.
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